Abstract. We study André motives of projective hyperkähler manifolds that are deformation equivalent to the generalized Kummer varieties. We prove that the motives of such manifolds are abelian, i.e. they are contained in the subcategory generated by the motives of abelian varieties. As a consequence, we prove that all Hodge classes in arbitrary degree on such manifolds are absolute.
Recall that an element α ∈ F p H 2p dR (X) is called a Hodge class, if its image in H 2p (X an , C) under the isomorphism described above is contained in the subspace (2πi) p H 2p (X an , Q). The Hodge conjecture predicts that the property of α being Hodge should be stable under automorphisms of the field of complex numbers. More precisely, let σ ∈ Aut(C/Q) be an automorphism and X σ be the variety obtained by base change via σ. We have a chain of isomorphisms of Q-vector spaces:
dR (X) is called absolute Hodge, if its image under the isomorphism (1.1) lies in (2πi) p H 2p (X an σ , Q) for any σ ∈ Aut(C/Q). If α is an algebraic class, i.e. it is contained it the Q-subspace spanned by the classed of algebraic subvarieties, then it is absolute Hodge. According to the Hodge conjecture, every Hodge class should be algebraic, therefore absolute Hodge.
According to Deligne [DMOS] , any Hodge class on an abelian variety is absolute. In the present paper we prove analogous statement for certain types of projective hyperkähler manifolds. Our proof relies on the generalized Kuga-Satake correspondence from [KSV] .
André motives.
It is convenient to state the main result of the paper in the language of motives. We will use the category of motives constructed by André in [A1] as a refinement of Deligne's motives [DMOS] . André introduced the notion of motivated cohomology class (or a motivated cycle) and used the motivated classes to construct a semi-simple Tannakian category (Mot A ) of André motives. We will briefly recall the construction in section 2.
For a variety X we will denote by Mot(X)(n) ∈ (Mot A ) its André motive with a Tate twist by n, see section 2. Consider the minimal full Tannakian subcategory (Mot all abelian varieties A and n ∈ Z. We will say that the motive of X is abelian, if it is isomorphic to an object of (Mot ab A ). General properties of motivated cycles imply, that on any variety whose motive is abelian all Hodge classes are absolute.
1.3. Main result. In this paper we study varieties of the following type. Let S be a complex projective surface. We will denote by S [n] the Hilbert scheme of length n subschemes of S. For a complex abelian surface A consider the Albanese morphism a : The proof will be given in section 4. Remark 1.3. This theorem extends the results of [Sc] and [A2] . In [Sc] the varieties of K3
[n] -type were considered. Our arguments are based on the Kuga-Satake construction from [KSV] that can be applied to arbitrary hyperkähler manifolds. This can be used to obtain an alternative proof of the main theorem of [Sc] . In [A2] it was shown, that degree two cohomology of any projective hyperkähler manifold is abelian as an object of the category of André motives. Theorem 1.2 is in line with the general expectation, that the motives of projective hyperkähler manifolds should be of abelian type, see e.g. [FV] for a general discussion. Theorem 1.2 can be used to prove the Mumford-Tate conjecture (see [Mo, section 2.3] ) for some special classes of generalized Kummer type manifolds. Namely, let us say that a projective hyperkähler manifold X (see section 3) is of CM type, if the Mumford-Tate group of H 2 (X, Q) is abelian. In this case the Mumford-Tate groups of H k (X, Q) are abelian for all k. This follows from the fact that the Hodge structures on all cohomology groups of X are induced by the natural Lie algebra action, as we recall in section 3. Assuming that X is a projective deformation of K n A and that X is of CM type, one can use [Mo, Theorem 3.3 .2] to deduce from Theorem 1.2 that the Mumford-Tate conjecture holds for X in arbitrary degrees (see also [Mo, Corollary 4.3.15] ). Let us also mention that the Mumford-Tate conjecture in arbitrary degree for K3
[n] -type varieties has recently been proven in [Fl] .
Motivated cohomology classes and André motives
We will briefly recall some results of [A1] . Let (Var/C) be the category of non-singular complex projective varieties and their morphisms. For X ∈ (Var/C) we will denote
Motivated classes.
Assume that X ∈ (Var/C) and let L be an ample line bundle on X. Denote by
is defined by the cup product with h, and it induces isomorphisms
x. This uniquely determines * h , since H
• (X) is spanned by the elements of the form L i h x with x primitive. For X, Y ∈ (Var/C) and two ample line bundles
Elements of H
• M (X) will be called motivated cohomology classes (or motivated cycles, in the terminology of [A1] ). Let us list a few properties of motivated classes.
( 2.2. André motives. The construction of André motives is similar to that of Chow motives. We start by defining the spaces of motivated correspondences: for X, Y ∈ (Var/C) with X connected, let Cor
The properties of motivated classes listed above imply that we can define the composition of motivated correspondences in the usual way.
Define a Q-linear category (Mot A ) whose objects are triples (X, p, n), where X ∈ (Var/C), p ∈ Cor 0 M (X, X), p • p = p, and n ∈ Z. The space of morphisms from (X, p, n) 
The tensor product on (Mot A ) is defined using the Cartesian product of varieties. It is shown in [A1] , that (Mot A ) is a semi-simple graded neutral Tannakian category.
The subcategory of abelian motives (Mot ab A ) is the minimal full Tannakian subcategory of (Mot A ) containing Mot(A)(n) for all abelian varieties A and n ∈ Z. It is shown in [A1] that for any X ∈ (Var/C), if Mot(X) ∈ (Mot ab A ), then all Hodge classes on X are motivated, in particular absolute Hodge.
Hyperkähler manifolds and the Kuga-Satake embedding
We will recall the results of [KSV] and extend them to the relative setting.
3.1. Hyperkähler manifolds. Let X be a non-singular projective simple hyperkähler manifold. This means that X is simply-connected and H 0 (X, Ω 2 X ) is spanned by a symplectic form (see e.g. [Hu] and [Be] ). Let 2n = dim C (X).
Recall that this form has the following property: there exists a constant c X ∈ Q, such that for all h ∈ H 2 (X, Q) the equality q(h) n = c X h 2n holds. We can assume that q is integral and primitive on V Z , and q(h) > 0 for a Kähler class h. The signature of q is (3, b 2 (X) − 3). Recall also that V carries a Hodge structure of K3 type. There exists a natural action of the orthogonal Lie algebra on the total cohomology of X. Let us briefly recall how to define this action. An element h ∈ V has Lefschetz property, if the cup product with h k induces an isomorphism H 2n−k (X, Q) ≃ H 2n+k (X, Q) for all k = 0, . . . , 2n. In this case one can consider the corresponding Lefschetz sl 2 -triple. Let g tot ⊂ End(H • (X, Q)) be the Lie subalgebra generated by all such sl 2 -triples.
LetṼ = e 0 ⊕ V ⊕ e 4 be the graded Q-vector space with e i of degree i, and V in degree 2. Let q ∈ S 2Ṽ * be the quadratic form, such that:q| V = q, e 0 and e 4 are isotropic and orthogonal to V and span a hyperbolic plane. It was shown in [Ve1] and [LL] that there exists an isomorphism of graded Lie algebras g tot ≃ so(Ṽ ,q). One can show that the Hodge structures on the cohomology groups of X are induced by the action of g tot . More precisely, let W be the Weil operator that induces the Hodge structure on V , i.e. it acts on V p,q as multiplication by i(p − q). Then W ∈ so(V, q) ⊂ so(Ṽ ,q) and W induces the Hodge structures on
3.2. The Kuga-Satake construction. To a K3 type Hodge structure V we can associate a Hodge structure of abelian type, which is called the Kuga-Satake Hodge structure. Let us briefly recall the construction. Let H = Cl(V, q) be the Clifford algebra. There exists a natural embedding V ֒→ H. Define H 0,−1 to be the right ideal V 2,0 · H C (see [SS, Lemma 3.3] ), and H −1,0 = H 0,−1 . This defines a rational Hodge structure on H.
Note that H is canonically an so(V, q)-module, and the Hodge structure on it is induced by the action of the Weil operator W . Since the hyperkähler manifold X is projective, one can show that H is polarizable. Moreover, the polarization can be chosen Spin(V, q)-invariant (see e.g. [KSV] or [VG] ).
Let
The following theorem was proven in [KSV] . 
This induces embeddings of Hodge structures
where i = −2n, . . . , 2n.
3.3. The Kuga-Satake construction in families. Let us consider a smooth projective morphism ϕ : X → S whose fibres are hyperkähler manifolds. Let us fix a base point s 0 ∈ S and denote by X the fibre X s0 . We would like to apply Theorem 3.1 to the family ϕ and obtain the embedding of the corresponding variations of Hodge structures. In order to do so, we need to construct a family of KugaSatake abelian varieties, such that the embeddings ν i from Theorem 3.1 are π 1 (S, s 0 )-equivariant. We will explain below, that it is possible to do this after we pass to a finite étale covering of S. The base S can be arbitrary complex-analytic space.
Denote by Aut P (X) ⊂ GL(H • (X, Q)) the subgroup of algebra automorphisms that fix the Pontryagin classes of X. We will denote by Aut P (X) Z the arithmetic subgroup of Aut P (X) Q defined by the the integral cohomology lattice.
Recall that so(V, q) acts on H • (X, Q) by derivations, and this action induces a homomorphism of algebraic groups α : Spin(V, q) → Aut P (X), see section 3.1 in [So] and references therein. Denote by Aut + (X) the image of α. Let MC(X) = Diff(X)/Diff 0 (X) be the mapping class group of X. Here Diff(X) is the group of diffeomorphisms of X, and Diff 0 (X) is the subgroup of diffeomorphisms isotopic to the identity. The mapping class group acts on the cohomology of X fixing Pontryagin classes, hence a group homomorphism Proof. Recall that the action of Aut P (X) on V preserves the form q, thus we have a homomorphism Ve2, Theorem 3.5(i) ]. Let Γ ⊂ Aut P (X) Z be a torsion-free arithmetic subgroup.
Since the induced homomorphism Γ → O(V, q) Q has finite kernel by [Ve2, Theorem 3.5(iv) ], it is actually injective. Analogously, let Γ ′ ⊂ Spin(V, q) Q be another torsion-free arithmetic subgroup. Then the action of Spin(V, q) on V induces an injection Γ ′ ֒→ O(V, q) Q . The construction of MC ′ is summarized in the following commutative diagram:
Here Γ ∩ Γ ′ is of finite index in Γ, because both Γ and Γ ′ are arithmetic subgroups of O(V, q) Q . By the definition of Γ, it has finite index in Aut P (X) Z . We then let MC
, and define β ′ to be the composition of the two maps in the left column of the diagram and the embedding Γ ′ ⊂ Spin(V, q) Q . (1) There exists a finite étale covering 
, (V, q) is polarized, the corresponding Kuga-Satake Hodge structure admits Spin(V, q)-invariant polarizations, see e.g [KSV] 4. Proof of Theorem 1.2
Consider a smooth projective family of hyperkähler manifolds ϕ : X → S with a connected quasiprojective base S. We assume that there exist two points s 0 , s 1 ∈ S, such that X s0 ≃ X and X s1 ≃ K n A for some abelian surface A. We denote V = H 2 (X, Q) with the BBF form q (see section 3).
Using part (1) of Corollary 3.3, we may assume that π 1 (S, s 0 ) acts on H • (X, Q) via a homomorphism ρ : π 1 (S, s 0 ) → Spin(V, q) Q . Let ψ : A → S be the family of Kuga-Satake abelian varieties from part (2) of Corollary 3.3. Consider the product Y = X × S A and denote ξ : Y → S.
The embeddingsν i can be viewed as global sections of the local system R 2n+2d ξ * Q(n + d). We need to prove that the corresponding cohomology classν i,s0 ∈ H 2n+2d (X s0 × A s0 , Q(n + d)) is motivated. By the deformation principle 2.1, it is enough to prove thatν i,s1 is motivated. But the fibre Y s1 ≃ X s1 × A s1 ≃ K n A × A s1 by our assumptions. It is shown in [Xu, Theorem 1.1] (see also [DM1] and [DM2] ) that the motive of K n A is abelian (in [Xu] , [DM1] and [DM2] a stronger statement about the Chow motives is proven). This implies that the motive of the fibre Y s1 is abelian, and all Hodge classes on Y s1 are motivated. The claim now follows from the deformation principle.
